A general algebraic procedure for constructing coherent states of a wide class of exactly solvable potentials e.g., Morse and Pöschl-Teller, is given. The method, a priori, is potential independent and connects with earlier developed ones, including the oscillator based approaches for coherent states and their generalizations. This approach can be straightforwardly extended to construct more general coherent states for the quantum mechanical potential problems, like the nonlinear coherent states for the oscillators. The time evolution properties of some of these coherent states, show revival and fractional revival, as manifested in the autocorrelation functions, as well as, in the quantum carpet structures.
has led to problems in defining a proper algebraic structure. To resolve the same, some authors [8] have resorted to the introduction of additional angular coordinates [21] .
In this work, we provide an algebraic construction of the CS for a wide class of potentials, belonging to the confluent hypergeometric (CHG) and hypergeometric (HG) classes. The procedure is based on a simple method of solving linear differential equations (DEs) [22] , which enables one to express the solutions in terms of monomials. In the space of monomials, it is straightforward to identify various types of ladder operators, their underlying algebraic structures [23] , and construct lowering operator eigenstate in a transparent manner. The fact that, the monomials and the quantum mechanical eigenfunctions are connected through similarity transformations, enables one to preserve these algebraic structures at the level of the wavefunctions and simultaneously obtain the desired CS. Thus the coherent state is initially potential independent. The information about a specific potential is then incorporated by fixing the parameters of the series and also the ground state wavefunction of the potential under study. The known results for CS are obtained in specific limits. In addition, our procedure demonstrates the construction of more general CS, similar to the nonlinear CS [24] in the oscillator example. The origin of confusion in identifying the algebraic structure in SUSY based approaches is then pointed out and subsequently resolved in a natural manner. It is shown that the recently found CS for various potentials are related to the two different realizations of SU(1,1) algebra.
The paper is organized as follows. Keeping in mind the connection of the wavefunctions of the exactly solvable potentials, to be considered here, and the solutions of the CHG and HG DEs, we first briefly outline the relationship between the solutions of the above equations and the space of monomials. This connection is then made use of, to identify the ladder operators and the symmetry algebras in the space of monomials. AOCS are constructed, through a recently proposed procedure for solving linear DEs. This method yields the precise connection between the present, and the earlier oscillator based approaches for constructing CS. In Sec. III, the potential independent CS, thus constructed, are connected with Morse and Pöschl-Teller potentials, as examples. The advantage of constructing the ladder operators in the space of monomials is then pointed out by resolving the difficulties in identifying the symmetry generators in the SUSY based approach. Various earlier known CS are then derived as special cases. Time evolution properties of some of these CS are then studied. Autocorrelation functions and the underlying quantum carpet structures [25] of these CS clearly reveal the phenomena of revival and fractional revival [26] . We conclude in Sec. IV after pointing out a number of open interesting problems, where the present procedure can be profitably employed. Keeping in mind the rich symmetry structure of the hydrogen atom problem and the various procedures employed for constructing the corresponding CS, we desist from the analysis of these CS here; this will be taken up in a future project.
II. ALGEBRAIC CONSTRUCTION OF COHERENT STATES
This section is devoted to the construction of CS in a manner which is potential independent. We make essential use of the fact that the exactly solvable potentials, to be studied here, belong to the CHG and the HG classes, whose solutions can be connected to the space of monomials through similarity transformations. In the space of monomials, the identification of symmetry algebras and their ladder operators become easy. The AO eigenstates in the space of monomials are first found through the above mentioned procedure of solving DEs and then connected to those at the level of the polynomials, through similarity transformation. Connection with earlier oscillator based approaches is also exhibited. [22, 23] 
provided the condition F (D)x α = 0, is satisfied. This condition fixes the value of α. Here C α is the normalization constant. The proof is straightforward and follows by direct substitution. In the CHG and the HG cases, α = n (integer) corresponds to polynomial solutions and for α = n series solutions are obtained.
Following an earlier work [23] , the simplest set of operators, at the level of monomials, which give rise to a SU(1,1) algebra can be written as [27] 
Here b is deliberately taken same as the CHGDE parameter, so that the algebra is well defined at the level of the wavefunctions. It should be noted that, these symmetry algebras are not unique, and the interesting consequences arising from this fact will be pointed out later. The AOCS corresponding to K − satisfies,
Left multiplying by x:
n , have been used in the above derivation. We can make immediate contact with the oscillator based approach of Ref. [5] . DenotingK
it is found that, they obey the Heisengerg-Weyl algebra, [K − ,K + ] = 1. Such conjugate operators were explicitly constructed in [5] and used to obtain a large class of multi-photon coherent states.
Knowing that the solution of the CHGDE can be written in the form [22] Φ(−n; b;
one can obtain the coherent state at the level of the polynomial and later on at the level of the wavefunctions through appropriate similarity transformations, as illustrated below. Denoting
is the coherent state at the level of the polynomial:
It will be seen explicitly in the subsequent section that introducing appropriate measures through similarity transformations one would obtain CS for various quantum mechanical systems. It is worth emphasizing that the algebraic structures are transparently preserved in this approach. Analogously for HG case, taking the lowering operator to be [23] 
the coherent state at the level of polynomials is given bỹ
We can connect to the oscillator based approach in this case also; callinḡ
it satisfies the oscillator algebra: [K − ,K + ] = 1. It should be noted that the states obtained using the lowering operatorK − are nonlinear CS [24] . They are defined to be eigenstates of the AO of the type f (N )T − , f (N ) being a function of the number operator in the oscillator case and the Euler operator in the present one; T − is an arbitrary lowering operator. It was recently shown [28] that, the AOCS and the Perelomov CS are unified in the framework of nonlinear CS.
Equations (8) and (10) reveal that these CS are quite general; since the eigenfunctions of the exactly solvable potentials to be considered here, arise as special cases of CHG and HG series, their corresponding CS will also follow from the above two general expressions. In fact, starting from the lowering operatorT
more general nonlinear CS can be found:
Here p+1 F p is the generalized HG series. For the sake of completeness it should be pointed out, the above summation yields [29] ξ(x, α)
It is worth noting that the weight factors associated with the above CS, play an important role in the study of photon number statistics in quantum optics, where similar type of states also appear [30] .
III. CONNECTION WITH POTENTIALS
We now proceed to specific potentials for the purpose of illustration and establishing connections with the various CS obtained so far. We use the Morse potential [6] [7] [8] [9] as an example, for the CHG class of potentials, and the Pöschl-Teller (PT) potential [11] [12] [13] [14] for the HG class.
The one dimensional Morse potential is given by
a and d (depth of the potential) being constant parameters. Introducing dimensionless parameter µ = √ 2md/ah, dimensionless coordinate q = ay and using the transformation rule: x = 2µ exp(−q); the Schrödinger equation yields the eigenfunction
where we have set λ = 2µ − 2n − 1 for the sake of convenience. Multiplying Eq. (8) from the left, by the ground state of the Morse eigenstate:
, and noting that, for b = λ + 1 the CHG series can be expressed in terms of the Laguerre polynomials [31] Φ(−n; λ + 1;
the coherent state for the Morse potential can be written from the results of the previous section:
After normalization one finds,
Here, I λ is the modified Bessel function of the first kind and J λ is the Bessel function of the first kind. The same expression was obtained in [20] using the SUSY based ladder operators. In order to see the difficulties associated with properly defining an algebraic structure using SUSY based ladder operators [20] 
as alluded to earlier, we explicitly write down the action of the same on the wavefunctions:
In earlier works without explicitly giving the diagonal operator, its action was inferred from [A + , A − ]ψ M n (x). However, as was noticed in [8] this approach faces problem in constructing the Barut-Girardello CS. To better appreciate the difficulties and its resolution, we first identify the corresponding ladder operators at the level of monomials through similarity transformations, which keeps the algebraic structure intact. These operators act as
It can be noticed that as compared to our ladder operators, at the level of monomials, the above ones contain an additional operator D−n, which yields zero when acting on monomial x n . It can be straightforwardly seen that the SUSY based n dependent operators do not lead to a proper algebra, a difficulty noticed in [8] . However, the n independent operators lead to the diagonal operator K 3 = xd/dx + b/2; together these form a closed SU(1,1) algebra. Hence, for the construction of AOCS with a well defined algebraic structure, it is imperative to use n independent operators. It can be seen that for the ground state, from which the AOCS are constructed, the above n dependent operator is absent. Hence the expression for the CS derived earlier [20] and the one obtained here, based on the SU(1,1) algebra, are identical. As mentioned earlier the SU(1,1) generators written above are not unique e.g., the following three generators also form a SU(1,1) algebra [3] :
The eigenstate of L − is given by exp(βx). The corresponding AOCS, at the level of the wavefunction for the Morse potential, can be obtained by making use of the following identities,
and
The resulting coherent state turns out to be the Perelomov coherent state for this potential [6] :
Hence, the above SU(1,1) algebra gives the operator, whose eigenstate is the Perelomov coherent state; recourse has been taken earlier to more complicated nonlinear algebras for this purpose [28] . We now derive the CS for the PT class of potentials and concentrate primarily on the symmetric PT (SPT) and PT potentials. Plots of the weight factors associated with the CS of the above mentioned potentials will be given along with the quantum carpet structure and the autocorrelation figures. The quantum carpet and the autocorrelation plots, transparently bring out the phenomenon of revival and fractional revival.
The SPT potential is
and the corresponding eigenvalues and eigenfunctions, in the variable x = sin αy, are
The Gegenbauer polynomials are related to the HG series via the relation [31]
Multiplying (1 − x 2 ) ρ/2 from the left in Eq. (10) and using Eqs. (28) and (29), the coherent state for the SPT potential is found to bẽ
The normalization constant, N (γ) −1 , is
where,
It is worth pointing out that the CS for the SPT potential can be expressed in terms of the Bessel functions by using a generating function of the Gegenbauer polynomials [31] :
Similarly we can construct the CS for the PT potential. The PT potential is
whose energy eigenvalues and the eigenfunctions are
Here C n is the normalization constant and given by [32] 
Using Eq. (34) and Eq. (35) in Eq. (10) the AOCS for the Pöschl-Teller potential can be written in the form
In the above equation relation between Jacobi polynomials and HG series has been used [31] . As has been done for the Morse potential one can also construct Perelomov type coherent state here. The quadratic nature of the eigenspectra of PT and SPT lead to the possibility of revival and fractional revival in this quantum system. Keeping this in mind, we now proceed to study the time evolution property of the above CS. As expected, these states show a very rich structure involving revival and fractional revivals. We give in Fig (1) quantum carpet representing the time evolution of the above state. The plots for the auto correlation are provided Figs (3) and (4), which clearly bring out the above features. Interestingly, there have been some recent proposals to use the fractional revival for the purpose of factorization of numbers [34] . In the above quantum carpet the ridges and the valleys follow a curved path, unlike the square-well case where these are straight lines [25] . We also notice richer structure arising due to interference. The origin of these structures in the square-well case have been understood, the present scenario needs a thorough understanding.
As is well-known, the weight factors associated with the CS carry physical significance e.g., these factors for the oscillator CS give rise to a Poisson distribution. The weight factors associated with the HG class of CS, derived above, are related to the HG distribution in probability theory [33] , as is clear from the plot of the weighting distribution in Fig (5) .
IV. CONCLUSIONS
In conclusion, we have developed a general algebraic procedure for finding the annihilation operator coherent states for a wide class of quantum mechanical potentials. Interestingly, the Perelomov type CS also emerged, as AOCS, from different realizations of relevant symmetry algebras. Crucial use was made of a simple method for solving linear DEs, which gives a precise connection between the solution space and the space of monomials. Ladder operators, corresponding to various symme- try algebras can be identified straightforwardly. The method is potential independent and enables one to find the AOCS and connect them with earlier oscillator based approaches. It is applicable to quantum problems having infinite number of bound states as well as the ones possessing finite numbers. Generalizations to analogs of the nonlinear CS for oscillators is also made transparent.
Under time evolution, these CS showed revival and fractional revivals. This manifests in the quantum carpet structure as well as the auto-correlation functions. Interestingly, these phenomena in the context of square-well [25] have led to a proposal for factorizing numbers [34] . The intricate structure of quantum carpet needs careful analysis in light of recent proposals to use CS for quantum information storage [35] . The weighting distributions associated with these CS also needs to be studied more elaborately, in the complete parameter range, for manifestation of non-classical behavior.
Also as a continuation of the present work, it would be interesting to study the features of Wigner quasi-probability distributions for these CS, in light of the interesting results obtained recently in this area [36] . It is worth noting that, recently the Wigner distribution for the Morse eigenstates have been studied [37] . Since the method used here also applies to many-body interacting systems it is worth constructing and studying the corresponding CS [38] . A number of these questions are currently under study and will be reported elsewhere. 
